It is proved that if G is a compact connected semisimple Lie group and H a compact group of homeomorphisms of G containing all left and right translations of G, then there exists a positive integer k such that for any t s H, t* is, modulo a translation, an inner automorphism.
1. Introduction. In 1960 I. Glicksberg [2] proved the following result: Let G be a compact connected abelian group. If H is a compact group of homeomorphisms of G containing all translations of G, then every element of H is, modulo a translation, an automorphism. If moreover G is finite dimensional, then the automorphisms involved are periodic.
This note is an attempt to generalize this result to nonabelian compact groups. However, we are forced to make two assumptions: (a) G is a Lie group; and (for technical reasons) (b) G is semisimple. Even with these assumptions one cannot get such a strong result as Glicksberg's theorem-why this is so will be clear from §3. What we essentially prove is that if G is a compact connected semisimple Lie group and H a compact group of homeomorphisms of G containing all left and right translations of G, then there exists an integer k such that for any t e H, rk is, modulo a translation, an inner automorphism.
Finally we would like to mention that very little seems to be known about similar questions when G is noncompact-even in the abelian case. However, if G = R* some interesting results have been proved in [1] by Z. Charzyhski.
2. Notation and preliminaries. For any unexplained notation and terminology see [5, 6, and 7] .
If G is a Lie group, we denote by G0 the connected component of G containing the identity. By a metric d on G, we mean a metric which defines the same topology as the given one on G. On the group of homeomorphisms of G we impose the compact-open topology and by a "compact group of homeomorphisms of G" we mean a subgroup of the group of homeomorphisms on G which is also a compact subset in the compact open topology. By (left translation) lg and (right translation) Rh we mean the homeomorphisms of G defined by: lg(x) = gx, Rh(x) = xh, x g G. If M is a manifold, then Q will denote a Riemannian structure on M and IQ(M) the corresponding group of isometries (with respect to Q ) of M.
If G is a compact (Lie) group, G will denote the set of equivalence classes of irreducible (finite dimensional) representations of G. If 8 g G, let w g 5 and let F be the vector space on which G acts via the representation n. Set d(8) = dimV. (Note that this is well defined.) If vx, v2 g F consider the continuous function on G defined by x -» (ir(x)vx,v2), where ( , ) is some inner product on V. Such a function is called "a matrix element" corresponding to 8. A finite linear combination of matrix elements corresponding to 8 will be called "a representative function of class 8". By a "representative function" on G we mean a function of the form Ef=1/,, where each /, is a representative function of class 8¡. Let Vs be the subspace of C(G) consisting of those/for which £«*/ = /. Here * denotes convolution in the group G and x« is the 'character' corresponding to 8 (see [7] ). (Each Vs is finite dimensional and in fact dim Vs = (d(8))2 and if/is a "representative function" on G, then/ g Vs + Vs + ■ ■ ■ + Vs for some 8X, 82,...,8k g G.) We now record an observation which follows essentially from the Peter-Weyl theorem and the fact that if G is a Lie group then any representative function is smooth (and in fact real analytic). Observation 2.1. If G is a compact Lie group and t: G -» G is a homeomorphism, then t is a diffeomorphism if for each representative function/, / ° t is also a representative function.
We now record some theorems which will be used in §3. These are taken from [5] and [6] . Finally if F is a Banach space and {Vt} is a family of closed subspaces of V, by V = © TV i we mean that the {Vt) form an algebraic direct sum which is dense in V.
We are now in a position to state and prove the results mentioned in the introduction.
3. The main results. We start with the following proposition. The corollary is immediate if we take H to be the group of isometries of G with respect to d. (Note that by Ascoli's theorem H will be compact.)
We are now in a position to state and prove our main theorem. is finite and hence 3k such that Vt g H, rk g /¿2(G). Since G is semisimple, the last part of the theorem now follows from Corollary 2.5 of §2. (i) <f> is an isometry with respect to some bi-invariant Riemannian structure Q on G.
(ii) There exists an integer k such that (¡>k = lh° Rgfor some g G G, h G H.
The corollary follows from the theorem if we take H = group of isometries of G with respect to d. ,
An application. In [3] Glicksberg proves (using results from [2] ) that if / is a continuous function on a compact connected abelian group and <¡> is any homeo of G such that xf °<l> = xf for all x G G, then <b = T° I for some automorphism T of G and g & G. Further if G is finite dimensional, then T is periodic. In the spirit of the above we prove Remark. Theorem 4.1 would still be valid if we only assume / g LP(G) but then we would also have to assume <p preserves Haar measure on G.
We conclude with some remarks that generalize the results in §3.
5. Concluding remarks. Actually the methods of §3 can be used to prove the following remarks about symmetric spaces of the compact type: Let X be a symmetric space of the compact type, I(X) its group of isometries and G the connected component containing e of the group of isometries of X. (Then X can be identified with G/K for a suitable subgroup K of G.) If d is any G-invariant metric on X (defining the topology of X), then there exists a G-invariant Riemannian structure Q on X such that Id(X) ç IQ(X). But now lg(X) = I0(X) = G and hence there exists k such that for any <p g Iä(X), <¡>k g G. If we take X = S""1, the standard «-sphere in R", then I(X) = O(n), G = SO(n) and it is not too hard to show that in this case IQ(x) ç 0(n). Thus if d is any rotation invariant metric on S"~l and </> is an isometry of S"~l with respect to d then actually <¡> is given by an element in O(n). These observations for S"_1 and more generally for rank-1 symmetric spaces have in fact been already made by Glicksberg-see the discussion following Theorem 6 in [4] .
In conclusion we would like to point out that we can in fact make the following even more general remark: If G is a compact connected Lie group and K a closed subgroup of G and d is any G-invariant metric on G/K, then there exists a G-invariant Riemannian structure Q on G/K such that Id(G/K) ç IQ(G/K). The case K = {e} is really Proposition 3.1 (and Corollary 3.2).
